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O BbiHHCJieHHH TonojiorHHecKoii cTeneHH onepaTopa IlyaHKape b 
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KjnoneBbie cjiosa: nepHOflHHecKHe KOJieSamifl, TonojiorHHecKaa creneHb, 
MaTeMaTHnecKaa MOflenb naryHti 

H. C. MapTbiHOBa 

BopOHOKCKHH rocyAapCTBeHHbra yHHBepCHTeT 

AHHOTau;HJi: B CTaTbe pa3BHBaeTaa MeTOfl ouchkh TonojiorHHecKoii CTeneHH 
OTo6pa)KeHHH IlyaHKape MaTeMaraHecKOH MOflenH mcjikoh naryHbi, 
Haxo^ameHca no# T-nepHOflHnecKHM B03fleiicTBHeM. C noMombio 3Toro 
MeTO^a mbi nonynaeM ycnoBHH ^jih napaMeTpOB MOflenH, rapaHTHpyiomHe 
cymecTBOBaHHe T-nepHOflHnecKoro pememra b onpeflejieHHOH oSjiacra. 
Cno>KHOCTb 3aflaHH CBH3aHa c TeM, hto HenocpeflCTBeHHoe npHMeHeHHe 
npHHunna HeB03Bpain,aeM0CTH M.A. KpacHOcenbCKoro-A.H. IlepOBa npHBO^HT 
k CHHryjiapHOMy BeKTOpHOMy norno. 
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A geometrical method to study plankton oscillations in the mathematical 
model of a shallow lagoon under periodic climate change 
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Annotation: This paper develops a technique to evaluate the topological degree 
of the Poincare map associated to the mathematical model of a shallow lagoon 
subjected to a T-periodic forcing. By means of this technique we derive 
conditions for the parameters of the model guaranteeing the existence of a T- 
periodic solution in a certain region. 

1. BBe^eHHe. 

B craTbe H3VHaeTca cymecTBOBaHJie 12-nepnoflHHecKHx pememiH 
cncTeMbi, onncbiBaiomeH MaTeMaTHHecKyio Mo^enb mcjikoh naryHbi npn 
nepHOflnnecKOM roMeHemiH KJiHMaTa: 
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tj\q flononHHTenbHoe BHeniHee B03^eHCTBHe HMeeT bh^: 

f? \ 

s(t) = M + Nsin — 1 + 1 . (3) 
V12 J 

PaccMaTpHBaeMaa 3aflana oSycnoBJieHa pa^OM hhcjichhbix 
3KcnepHMeHTOB Ha TeMy nepHO^HHecKHx penieHHH chctcmbi (l)-(2), 
onySnHKOBaHHBix b CTaTte [1]. LJenbio ^aHHOH CTaTBH HBJiaeTCH jx&Tb 
HeKOTOpoe TeoperaHecKoe oSocHOBamie nojryHeHHBix b [1] hhcjichhbix 
p63yjiBTaTOB. CTaTBH opraHH30BaHa cne^yiomHM o6pa30M. B oie^yiomeH 
Hacra npHBOflHTCH ochobhoh pe3ynBTaT o TononorHHecKOH CTenemi onepaTOpa 
IlyaHKape chctcmbi (l)-(2). B 3aKJiK>wrejiBHOH nacra ochobhoh pe3ynBTaT 
npHMemieTCfl fljui flOKa3aTenBCTBa cymecTBOBaHHH 12-nepHOflHHecKoro 
penieHHH 3toh chctcmbi c hckotopbimh napaMeTpaMH, o 6yc jiob jichhbimh 
^HHaMHKOH MOflenH mcjikoh naryHBi. 

J\rk AanBHeHHiero paccMOTpemra BBe#eM cneflyiomHe KOHCTaHTBi: 

u w =^-(M-N), 

hi 



p N;1 =^(M + N), 



\ 5 k 

r = 



A, -A, ' 
v Na =(k + v l )(X 4 1 (M + ^)-X 2 v l ). 

2. TeoMeTpHHecKHH mctozi ajih nojiyneHHa pe3ynBTaTOB o ^HHaMHice 

MOflenH naryHBi. 

Cneflyiomafl TeopeMa #aeT flocTaTOHHBie ycnoBHH cymecTBOBamifl b 
CHCTeMe 12-nepHOAHHecKHx penieHHH, jiOKamnx CTporo b nepBoii neTBepTH. 

TeopeMa. IIpezniojiojKHM, hto X i > 0, i e 1,5, k > 0, M > 0, X 4 > X 5 h 
3a(J)HKCHpyeM TaKoe N > 0, hto 

^(M-N )>r r (4) 

k 2 

Tor^a cymecTByeT r|>0 TaKoe, hto npn Ka>KflOM N e [0,N ] CHCTeMa (l)-(3) 
HMeeT 12-nepHOAHHecKoe peniemie x N , y^oBJieTBOpfliomee coothohi6hhhm 
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"n ^ x n,i ^ Pi + t, 

12 A. 4 — — — +\2X 5 

ri<x N2 <max{l,r N2 }e k+PN1 
,ZI,0Ka3aTejibCTB0. PaccMOTpHM B03Mym,eHHyK) CHCTeMy 
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x\ = X, 



M + Nsin 
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271 4. 1 

— 1 + 1 

U2 )) 



x, - X 2 Xj - 



-^3 x 2 r~^~ + 8 := P E ,N( t ' X P X 2 X 
k + x, 



(5) 



X 2 — A 4 X 2 



A, 5 x 2 x 2 .— Q eN (x p x 2 ), 



k+ x, 

r^e 8>0 h o6o3HaHHM nepe3 f\ N (T) onepaTOp IlyaHKape-AH^pOHOBa 

CHCTeMbI (5). IIOJIOJKHM 



f E ,N,l( X l) = 



f E ,N,2( X l) = 



(X 1 (M-N)-X 2 x,)(k + x 1 ) + 8 + 

ieU,NG[0,N ], 
(k 1 (M-N)-k 2 x 1 )(k + x 1 ) + e + 



iel,2,Ne[0,N ], 



sk 



g E ( x i) = 



^4 X l 

Us k+x i. 



8k 



Mo>kho npOBepHTb, hto fljia xeR| h t e [0,T] BbinojiHeHbi 
cne^yiomHe cooTHOinemra: 





P N (t,x p x 2 )<0 




fljia nK)6oro x. 


>f N „Ne[0,N ], 


(6) 




P N (t,x 15 x 2 )>0 




Ana nK)6oro x 2 


<f EW ,Ne[0,N ], 


(7) 




G e (x 15 x 2 )<0 




fljiHHK)6oro x 2 


^g e ( x ,), 


(8) 




G e (x 15 x 2 )>0 




fljiHHK)6oro x 2 




(9) 



IlyCTb T|>0 npOH3BOJIbHaH (^HKCHpOBaHHaH KOHCTaHTa, paCCMOTpHM 

8 g (0,r|). 3aMeTHM, hto cymecTByeT e^HHCTBeHHoe nojiojKjrrejibHoe hhcjio 
p eN1 TaKoe, hto f N 2 (p eN1 ) = . CneflOBaTenbHO, mm HMeeM 

Paw ->PN,i n P H 8 ^°> (10) 
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paBHOMepHO no N e [0,N ]. 

IlycTb p eN2 e (g e (p eN1 ),oo) h o6o3HanHM nepe3 e £N1 TaKyio TOHKy, hto 
f e ,N,i( e s,N,i)>PB,N.2 H e e , N ,i e (°> s )- n ycTb e EN1 e (0,g(e eN1 )). 3aMeraM, hto 

e E ,N,l < P,,N,l' e E ,N,2 <P E ,N,2 H 

e e ,N,! -»0>e EN2 ->o KaK 8^0 (11) 
paBHOMepHO no N e [0,N ]. 
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Phc. 1: CxeMaTHHHbra rpa(])HK BeKTOpHoro 
hojih (P (t^x^Q^xJ) npn t E [0,T], 



r^e pa3HHHHbie HanpaBneHHA BeKTOpa b 

(J)HKCHpOBaHHOH TOHKe COOTBeTCTByK)T 
p a3 JIHHHblM 3HaHeHHHM t E [0,T]. 



Ilo nocTpoeHHK) (cm. pHC. 1) rpaHHua npHMoyronbHoro MHO^cecTBa 
R s,n = ( e s,N,i' e E ,N,2'P £ ,N,i'P E ,N,2) co£ep:>KHT tohkh T - HeB03BpamaeMbix penieHHH 
CHCTeMbi (5) h, cneflOBaTenbHO (cm. [2], neMMa 6.1), 

da-n., N ,R N )=d a • ' 



C Apyrofi CTOpOHbi, H3 cooTHonieHHH (6)-(9) cnezryeT, hto none 



vG e , N 



,(R N ) 



Ha rpaHHH,e MHOJKecTBa R tN HanpaBJieHO bo BHyrpb (cm. pnc. 2) h, TaKHM 
o6pa30M, 

( %(o,-j\ 



d(I-Q E;N ,R N ) = d 



> R c,N 



= 1 



(12) 
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Phc. 2: CxeMaTHHHbra rpa(j)HK BeKTOpHoro 
nojia (P eN (0,-),G eN ) npH s = 0,3, 3HaneHHHx 

X l =1.29, X 2 = 0.0002, X 3 = 0.93, X 4 = 6.9, 

^ s =5.8,k = 100. 

3aMeTHM, hto mbi Mo^ceM BbiSpaTb ^ocTaTOHHO Manoe s e (0,r|) TaKoe, 
hto fljia nK)6oro s g (0,s ) SyzjeT cymecTBOBaTb eflHHCTBeHHaa KOHCTaHTa 
q £ ,N,i > T aKaa, hto C v ,(q... vl ) = g e (q e , Njl ). nycTb q eN2 = f N2 (q EjN1 ) .TaK KaK 

f s,N, 2 ( x i) -> f o, N ,2( x i) n P H 8 -> °> x i > °> ( 13 ) 
g 8 (x,) -> npn 8 -» 0, x, e (0,0, (14) 

g^)-^ np H e->0,x, >r„ (15) 
H W r i) = r N, 2 > > TO 

CneflOBaTenbHO, 

q e , N ,2 ->r 2 nP H s^0. (16) 
06o3HaHHM nepe3 x cN 12-nepHOflHnecKoe peineHHe CHCTeMbi (5) TaKoe, 
hto x eN (0) eR !N . IloKajKeM, hto 



12X 4 Pc - N -' +12X 5 

k + Pc.N.l 



(17) 



Ana jiioSoro s g (0,s ) h N g [0,N ]. 

npeflnono>KHM nporaBHoe, hto cymecTByeT s g (0,s ) h N g [0,N ] 
TaKHe, HTO 
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nx 4 PeW +m 5 

k+Pc,N,l 



x^ 2 (0)>max{l,q eN ,}e ^ . (18) 

IIpOflOJDKHM (J)yHKLl,HK) x eN Ha HHrepBan [-12,0], nepHOflHHeCKH. H3 

reoMeTpHnecKHx coo6pa>KeHHH cymecTByeT s e [—12,0) TaKoe, hto 

X E ,N,2( S ) = ^6^,2' 

^eiiCTBHTejibHO, ecnH x £N2 (t) = g sN2 fljra Bcex t e [0,12], to ycnoBHH 
(6)-(9) 03HanaK)T, hto HepaBeHCTBa x\ Nl > h x' e N 2 > He MoryT Sbitb 
BbinojiHeHbi o^HOBpeMeHHO npH t e [0,12]. Ho 3to npOTHBOpewr TOMy, hto 
CHCTeMa (5) He HMeeT nocTOHHHbix peineHHH h nporoBOflHaa x' sN HenpepbiBHO- 
AH(J)(J)epeHiiHpyeMOH 12-nepHOflHHecKOH HenocTOHHHOH c])yHKHHH x eN , 
^eiiCTByiomeH b R 2 , flOJDKHa npoiiTH Bee HanpaBJieHHH npH t MeroiiomeMCfl ot 
ao 12. H3 (18) HMeeM, hto x eN2 (0) > 1 h, yHHTbreaa (19), bbibohhm (cm. [2], § 
1 .4) cymecTBOBaHHe x e [s,0) TaKoro, hto 

(t)>max{l,q EN2 },t g (x,0]. 



(20) 



TaK KaK 



V 



X 4 x 2 



k+ x, 



^ 4 x 2 



k+ x, 



-A, 5 x 2 



-?i c x n x 



5 2"~2 



(21) 



— A- 5 x 2 x 2 A- 5 x 2 — 

= A, 5 x 2 (x e 2 -l)>0,x 2 >1 
Tor^a, Hcnojib3ya (20) j\rk penieHHH y eN5 3aflanH Kohih 

[ 4 k + x sNl (t) 7 (22) 

ly(^ = x E , Nj2 (x) + §, 

r^e 8 > 0, HMeeM HepaBeHCTBO 

x £ ,N, 2 <y e ,N, 5 ' t e [ T >°]- 

IlepexoflH k npe^ejiy b nocneflHeM HepaBeHCTBe, nonynaeM 

x E ,N,2<y £ ,N^ te [^°L 

r^e y EN0 ecTb penieHne (22) c 8 = 0. TaKHM o6pa30M, HMeeM oueHicy 
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" tN , 2 (0)<y,, N (0) = 



x c N l (t) . 

A, 4 — -X 5 dx 

k+x F 



= x ,N. 2 (^)e I ^ 



12X 4 Pc ' N -' +\2k 5 



e,N,2 ' 

\2X 

<max{l,q eN2 }e k+p -' , 
KOTOpaa yflOBJieTBOpaeT (18) h, cneflOBaTejibHO, (17) BbinonHeHO. Hcnojib3ya 
OTHOineHHH (10) h (16), H3 (17) nonynaeM, hto 

\2X * 3f " N ' 1 | \2X 

x sN2 (0)<max{l,r N2 }e 4k+p - 5 +ri, (23) 
ee(0,e ),Ne[0,N ]. 

Il0Ka>KeM, HTO T| > M05KCT 6bITb yMeHbineHO HaCTOJIbKO, hto 

x sN1 (0) > r) ajih Bcex s e (0,s ),N e [0,N ] 

H 

x eN2 (0) > T) fljia Bcex se(0,s o ),Ne [0,N ]. 
npeflnonojKHM nporaBHoe, to ecTb, hto cymecTByiOT nocne^OBaTejibHOCTH 

8 k -^0,N k -^N, e [0,N ] npn k^-oc 

TaKHe, HTO 

x £Ntl (0)^0np H k-^oc (24) 

huh 

x ENi ,(0)^0npHk^K. (25) 
TaK KaK x e Nk yflOBJieTBOpaeT (5), nocneflOBaTejibHOCTb {x £kNt } k=1 - 
KOMnaKTHa h 6e3 orpaHHneHHH o6ih,hocth mojkcm paccMaTpHBaTb x £k N — » x 0N 
npn k— »<x. 

H3 (6) h (7) (cm. pHC. 1) HMeeM cymecTBOBaHHe HeKOTOporo t n e [0,12], 
TaKoro, HTO 

x Ek .N k , 2 (t„) e 

Ha caMOM flene, oaho H3 cneflyiomHx OTHOHiemiH BbinonHeHO 

x' £kNkl (t)>0,te[0,12] 

HJIH 

x' EkNkl (t)<0,te[0,12]. 

Ho, KaK y>Ke 6bmo 3aMeneHO, BeKTOp x' £N (t) ^oiDKeH npoiiTH Bee 
HanpaBJieHHH npn t MeroiiomeMCfl ot #o 12. AHanorHHHO, cymecTByeT 
s n e [0,12] TaKoe, hto 

X a k ,N k ,2(S„)=ga„ ( X Ek ,N k ,l( S n))- 

Cne^OBaTenbHO, no ycnoBHHM (13), (15) cymecTByiOT t ,s e [0,12] TaKHe, hto 
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X„,,, 2 (t„) 6 

6 [ f(),N, ,1 ( X 0,N. ,1 0" ))' ^,N. ,2 ( X 0,N, ,1 ))] > 

x o,N.,i(s )^ r i. (27) 
H3 cooTHOineHHH (24)-(25) cjie^yeT, hto jih6o 

Xo, N .,,(°) = °> (28) 

jih6o 

x, N! , 2 (0) = 0, (29) 

IlOKcUKeM, HTO 06a 3THX paBCHCTBa He BepHbl. 

Bo-nepBbix, paBeHCTBO (28) BJieneT 

x 0N>1 (t) = 0,te[0,12] 

H H3 (26) HMeeM, HTO X 0N 2 (t)^0. HO M05KHO 3aMCTHTb, HTO CHCTCMa (1) He 

HMeeT HeHyneBbix 12-nepHO^HHecKHx penieHHH BH^a x (t) = (0,x 02 (t)). 
AHanorHHHO, ecnH HMeeT MecTO paBeHCTBO (29), to 

x 0N , 2 (t) = 0,te[0,12]. (30) 

06o3HanHM nepe3 u £N1 TaKyio TOHKy, npn KOTOpon f N1 (u sN1 ) = 0. 

3aMeTHM, HTO 

u Et , Nl , 2 ->u 1N npH k->oc, (31) 

H3 (30) h (26) nojiynaeM 

x o, N .,i( t o)^u UN . (32) 

TaioKe H3 (31) h (7) HMeeM, hto 

P , N ,(t,x 1 ,0)>0,x 1 e[0,u 1n J, 

t c [0,12]. 

H3 nepHOflHHHOCTH (J)yHKH,HH X QN 15 COOTHOHieHHH (32) H (33) 3aKJIK)HaeM 

x 0Ntl (t)>u 1N ,,te[0,12]. (34) 

OneHKH (27) h (34) npOTHBOpenaT ycnoBHK) (4) h, TaKHM o6pa30M, (29) 
He HMeeT MecTa. 

,H,OKa3aTejibCTBO 3aBepnieHO. 



3. IlpHJi05KeHHe nojiyneHHoro pe3yjibraTa. 

Hcnojib3ya cneflyiomHe 3HaneHHH napaMeTpoB chctcmbi (l)-(2), (cm. [1], 
TaSnHHbi 3, 4): 

X l =1.29, X 2 = 0.0002, ^ 3 = 0.93, 

X 4 =6.9,X 5 =5.8, k = 100, 
nonynaeM cne^yiomee cne^CTBHe #OKa3aHHOH TeopeMbi. 

Cjie^CTBHe. IlycTb napaMeTpbi chctcmm (l)-(2) 3a#aHbi 3HaneHHHMH 
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A,, =1.29, X 2 = 0.0002, A, 3 = 0.93, 
X 4 =6.9,X 5 =5.8,k = 100, 



M> 



0,116 

1,419 
0,116 



BbiSepeM KaKoe-HH6y^b < N < M - - . Tor^a cymecTByeT r|>0 Taicoe, 

hto npH jik)6om <N<N CHCTeMa (l)-(2) flonycicaeT no KpaHHeii Mepe o#ho 
12-nepHO^HHecKoe peineHHe x N c HanajibHbiM ycnoBHeM, y^OBneTBOpHiomHM 

COOTHOineHHHM 

1,29 



rj<x Nj2 < 



0,0002 



(M + N) + rj, 



< max^ 1, 



100 + 



V 



580 



1,29(M + N)- 



0,116 
1,1 J 



534060(M+N) 
S 100+6450(M+N) 



+69,6 



•e — ~-v— - +T |_ 

,ZI,OKa3aTejibCTBO. ^ocTaTOHHO 3aMeTHTb, hto ycnoBHe (4) b cnynae yica3aHHbix 
3HaneHHHx napaMeTpOB npHHHMaeT bha 

0,116 



M-N„ > 



1,419 



JlHTepaTypa 

[1] A. Garulli, C. Mocenni, A. Tesi, A. Vicino. Integrating identification and 
qualitative analysis for the dynamic model of a lagoon, Int. J. Bif. Chaos, 
Vol.13, No.2 (2003) 357-374. 

[2] M. A. KpacHOcenbCKHH, OnepaTOp c^BHra no TpaeKTOpiraM 
AH^^epeHiiHanbHbix ypaBHeHHH, 1968. 



1 Pa6crra no,zi„fl,ep>KaHa rpaHTOM MK-1530. 2010.1 npe3H,zi,eHTa PO rjih MOJioflbix 
KaHflHflaTOB HayK. 



